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Using ladder operators for the non-linear oscillator with position-dependent effective mass, real-
ization of the dynamic group SU(1, 1) is presented. Keeping in view the algebraic structure of the
non-linear oscillator, coherent states are constructed using Barut-Girardello formalism and their ba-
sic properties are discussed. Furthermore, the statistical properties of these states are investigated
by means of Mandel parameter and second order correlation function. Moreover, it is shown that in
the harmonic limit, all the results obtained for the non-linear oscillator with spatially varying mass
reduce to corresponding results of the linear oscillator with constant mass.
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2I. INTRODUCTION
Many realistic phenomena in nature exhibit nonlinear oscillations which have motivated researchers to explore
non-linear oscillators. Previously at classical level, Mathews and Lakshmanan [1, 2], studied a non-linear differential
equation
(1 + λx2)x¨− (λx)x˙2 + α2x = 0, (1)
and it was shown that this equation admits periodic solutions of the form
x = A sin(ωt+ ϕ), (2)
with ω = α√
1+λA2
, which represent non-linear oscillations with quasi-harmonic form. Furthermore, it was shown that
the dynamics of the non-linear harmonic oscillator, defined in Eq. (1), is governed by the Lagrangian
L =
1
2
[
1
1 + λx2
]
(x˙2 − α2x2), (3)
which the authors considered as a one-dimensional analogue of a Lagrangian density appearing in some models of
quantum field theory [3, 4]. The Eq. (3) represents the Lagrangian of oscillator with position-dependent effective mass
(PDEM)
m(x) =
1
1 + λx2
. (4)
From Eqs. (3) and (4), momentum of the non-linear oscillator can be written as
p =
∂L
∂x˙
=
x˙
1 + λx2
, (5)
which enables us to write the classical Hamiltonian as
H(x, λ, α) =
1
2
(1 + λx2)p2 + V (x, λ, α), (6)
where the potential term is of the following form
V (x, λ, α) =
1
2
(
α2x2
1 + λx2
)
. (7)
The physical interpretation of this system is two-fold. On one hand, it represents the dynamics of a particle with
spatially varying mass in one-dimensional space and on other hand, it can be considered as a Hamiltonian system
describing the motion of a particle on the one-dimensional curved space defined by the metric dµ = {m(x)} 12 dx and
under the action of confining potential. Here it is important to note that, this λ−dependent system can be considered
as a deformation to the linear harmonic oscillator in the sense that for λ = 0 all the characteristics of the linear
oscillator with constat mass are recovered. It is important to remark that this non-linearity parameter can take
positive as well as negative values. Clearly, for negative values of λ, there exists a singularity for the mass function
and associated dynamics at 1−|λ|x2 = 0. Therefore, for λ < 0, we shall restrict ourselves to the interior of the interval
x < 1/
√
|λ|, where the kinetic energy term is positive definite. Fig. 1 shows the λ−dependent potential energy for
several values of λ.
The theory of PDEM systems has attracted a lot of attentions due to the advent of sophisticated technologies to
grow ultrathin semiconductor structures, with very prominent quantum effects. The quantum mechanical systems with
spatially varying mass plays a vital role in the description of many systems [4–25]. The qualitative understanding
of a complicated realistic system can be acquired by analyzing the exact solutions of a related simplified model.
Exact solutions to PDEM systems are of great importance due to the fact that they have numerous applications
in the study of compositionally graded crystals [5], electronic properties of semiconductors [6, 7], quantum liquids
[8], quantum dots [9–11], Helium clusters [12], semiconductor heterostructure [6, 13–17, 19] and the dependence of
energy gap on magnetic field in semiconductor nano-scale quantum rings [4]. However, the quantization of position-
dependent effective mass systems and finding their solutions, involve some conceptual and mathematical difficulties
of a fundamental nature [7, 18, 20, 21, 23, 24, 26, 27]. For example, the quantization of a PDEM system experiences
the ordering ambiguity of the operators concerning momentum and the spatially varying mass, involved in the kinetic
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FIG. 1. Plot of V (x, λ, α) as a function of “x” and non-linearity parameter “λ”, for fixed value of α = 1 with (a) λ = 0.25, (b)
λ = 0.55, (c) λ = 0.85 (left) and (a) λ = −0.25, (b) λ = −0.55, (c) λ = −0.85 (right).
energy term [18, 20, 22–24].
Inspired by the Schro¨dinger factorization approach [28, 29], the algebraic method [30–36] along with the concept of
shape-invariance [37–52] has become a power tool in finding solutions of exactly solvable quantum mechanical systems.
The algebraic method provides us with a powerful tool for obtaining solutions and the underlying algebraic structure
of the exactly solvable systems [24, 38, 49–51]. The underlying algebra of a system has vast applications in different
areas of mathematics and physics, such as it plays an important role in the theory of coherent states. Coherent states
are extremely useful in various areas such as quantum mechanics, quantum optics, quantum information and group
theory.
Coherent states have attracted considerable attention in the literature [41, 48, 51, 53–63]. The Glauber’s formalism
[55–57] for the construction of the coherent states of the harmonic oscillator is based on Heisenberg-Weyl algebra.
These states (CS) are defined as: (i) the eigenstates of the annihilation operator; (ii) the displaced vacuum states;
(iii) the minimum uncertainty states. Due to numerous applications of the CS in mathematics and physics, the notion
of CS have been generalized for the systems other than the harmonic oscillator [41, 48, 51, 54, 58, 59]. In this regard
Klauder [64] developed a generalized formalism to relate the quantum dynamics to the classical one. Initially, the
concept of coherent states was generalized by using the algebraic structure of the pertaining system. In 1971, Barut
and Girardello [65] developed the CS for non-compact groups. These states were named as Barut-Girardello coherent
states (BG CS). In the context of constant mass systems, a lot of contributions has been made by several authors
[41, 48, 51, 66–75]. Particularly, different kinds of deformed nonlinear oscillators and their associated coherent states
have been discussed extensively [76, 77], as a deviation to linear harmonic oscillator. However, in the case of PDEM
systems the generalization of CS has not yet been explored significantly except a few recent contributions [22, 23, 78–
83].
In the present work we construct the BG CS of the non-linear harmonic oscillator with PDEM and study the
basic properties of these CS. In Section 2, a self contained study of the ladder operators and associated algebraic
structure of the non-linear harmonic oscillator with spatially varying mass is presented. Realization of dynamic group
SU(1, 1) for the pertaining system is discussed in Section 3. Section 4, is dedicated to the construction of CS by using
Barut-Girardello formalism and some basic properties such as continuity of parameters and resolution of unity are
proved. In Section 5, some statistical properties such as Mandel parameter and the second order correlation [84–86]
are discussed which reflect the non-classical nature of these states. We close our work by some concluding remarks in
Section 6.
II. LADDER OPERATORS AND ALGEBRAIC STRUCTURE
The classical Hamiltonian of the non-linear harmonic oscillator, given in Eq. (6), can be quantized by considering
the symmetric ordering of the operators concerning momentum p and spatially varying mass m(x) [18, 20, 22–24, 36]
4which provides us with a Hermitian Hamiltonian of the form
Hˆ(ζ, λ˜, α) =
α
2
[
− (1 + λ˜ζ2) d
2
dζ2
− 2λ˜ζ d
dζ
+
ζ2
1 + λ˜ζ2
]
, (8)
where we have used the dimensionless variables ζ =
√
αx and λ˜ = λ/α. Following the general procedure of constructing
the ladder operators for PDEM systems [24], we introduce a pair of intertwining operators as
Aˆ(ζ, λ˜, α) =
1√
2
[√
1 + λ˜ζ2
d
dζ
+
ζ√
1 + λ˜ζ2
]
,
Aˆ†(ζ, λ˜, α) =
1√
2
[
−
√
1 + λ˜ζ2
d
dζ
+
(1− λ˜)ζ√
1 + λ˜ζ2
]
. (9)
Note that, in order to avoid notational complexity, we will suppress the ζ−dependence and λ˜−dependance of all the
operators in the ongoing analysis, for instance, we will use Aˆ(α) instead of Aˆ(ζ, λ˜, α). The intertwining operators
defined in Eq. (9), are constructed in such a way that
Aˆ(α)|ϕ0〉 = 0. (10)
Let us consider the product of the operators Aˆ(α) and Aˆ†(α) as
Aˆ†(α)Aˆ(α) =
1
2
[
−(1 + λ˜ζ2) d2
dζ2
− 2λ˜ζ d
dζ
+ ζ
2
1+λ˜ζ2
]
− 1
2
, (11)
which leads to
Hˆ = α
(
Aˆ†(α)Aˆ(α) +
1
2
)
. (12)
Thus, the operators introduced in Eq. (9), factorizes the Hamiltonian (8) and provides us with the ground states
energy of the given systems as E0 =
α
2 . We now consider the product of intertwining operators introduced in Eq. (9),
as
Aˆ(α)Aˆ†(α) =
1
2
[
−(1 + λ˜ζ2) d2
dζ2
− 2λ˜ζ d
dζ
+ (1−λ˜)
2ζ2
1+λ˜ζ2
]
+
1
2
(1− λ˜). (13)
In order to specify the shape-invariance condition [24, 38, 41, 48, 51, 52]
Aˆ(α1)Aˆ
†(α1) = Aˆ†(α2)Aˆ(α2) +R(α1), (14)
we make use of Eqs. (11) and (13) in Eq. (14) and get
R(α1) = Aˆ(α1)Aˆ
†(α1)− Aˆ†(α2)Aˆ(α2) = α1 − λ˜, (15)
where the parameters concerning shape-invariance are related as
α1 = 1,
αn = αn−1 − λ˜ = 1− (n− 1)λ˜,
R(αn) = R(αn−1)− λ˜ = 1− nλ˜. (16)
It is important to note that for the present case, the parameters α1 and α2 are related by means of a translation
α2 = α1 − λ˜, where “ − λ˜” is the translation step [24]. This reparametrization of the set of parameters α1, with the
set α2, is achieved by means of a similarity transformation
Tˆ (α1)Oˆ(α1)Tˆ
−1(α1) = Oˆ(α2), (17)
where Tˆ (α1) is a translation operator [24, 38, 48, 50, 52] defined as
Tˆ (α1)|ϕ(α1)〉 = |ϕ(α2)〉. (18)
5In order to establish the algebraic structure of the quantum mechanical system with PDEM [24], we introduce
appropriate ladder operators by using the intertwining operators given in Eq. (9) and the translation operators in
Eq. (18), as
Lˆ− = Tˆ−1Aˆ and Lˆ+ = Aˆ†Tˆ , (19)
whose action as the annihilation operator and the creation operator is defined respectively as [24]
Lˆ−|ϕn〉 =
√
n− λ˜
2
n(n+ 1) |ϕn−1〉, (20)
Lˆ+|ϕn〉 =
√
(n+ 1)− λ˜
2
(n+ 1)(n+ 2) |ϕn+1〉.
Note that in terms of these ladder operators, Eq. (10), takes the form Lˆ−|ϕ0〉 = 0, and (12) becomes
Hˆ = α
(
Hˆ1 +
1
2
)
, (21)
where Hˆ1 = Lˆ+Lˆ−. With the help of these ladder operators, the underlying algebra turns to be
[Lˆ−, Lˆ+] = R(α0) = 1, [Lˆ∓, R(α0)] = ±λ˜ Lˆ∓,
(22)
Here, the underlying algebra for the shape-invariant potential is finite-dimensional. The eigenstates of the non-linear
PDEM oscillator are given as
|ϕn〉 = [Lˆ+]
n|ϕ0〉√
[n]!
, (23)
where [n]! is the generalized factorial which can be written in terms of Rαn , defined in Eq. (16), as
[n]! = [R(αn) +R(αn−1) + ...+R(α1)][R(αn−1) + ...+R(α1)]...[R(α1)],
= (−1)n n!
(
λ˜
2
)(
2− 2
λ˜
)
n
. (24)
Here (x)n = x(x + 1) . . . (x+ n− 1) represents the Pochhammer symbol.
III. REALIZATION OF DYNAMIC GROUP SU(1, 1)
As shown in the previous section that the non-linear harmonic oscillator with position-dependent effective mass
posses a finite-dimensional Lie algebra. This algebraic structure not only enables us to determine the spectrum of the
system but it also provides us with the dynamic group of the underlying system. Since the Lie group obtained in this
way has a involved algebraic structure, thus based on Barut’s formalism [35, 87], we construct the following operators
Kˆ− = Lˆ−
√
Hˆ1,
Kˆ+ =
√
Hˆ1 Lˆ+,
Kˆ0 =
1
2
+ Hˆ1, (25)
where Hˆ1 = Lˆ+Lˆ−. The newly constructed operators given in Eq. (25), satisfy the following commutation relations
[Kˆ−, Kˆ+] = 2Kˆ0, [Kˆ0, Kˆ±] = ±Kˆ±,
which corresponds to the commutation relations of the generators of Lie algebra su(1, 1). Thus, the dynamic group
of the non-linear harmonic oscillator with position-dependent effective mass is the non-compact group SU(1, 1).
The Casimir operator in this case turns out to be
C = Kˆ+Kˆ− − Kˆ0(Kˆ0 − 1) = 1
4
.
6In terms of the newly constructed lowering operator defined in Eq. (25), we get
Kˆ−|ϕ0〉 = 0. (26)
Also, Eqs.(25) together with (20), yield
Kˆ0|ϕn〉 =
[
n+
1
2
− λ′n(n+ 1)
]
ϕn〉, (27)
Kˆ−|ϕn〉 = [n− λ
′
n(n+ 1)]ϕn−1〉,
Kˆ+|ϕn〉 = [(n+ 1)− λ
′
(n+ 1)(n+ 2)]|ϕn+1〉,
where λ
′
= λ˜2 .
It is well known that there are four irreducible representations for the su(1, 1) Lie algebra [35, 88]. It is clear from
Eq. (26) that there exists a ground state for the non-linear harmonic oscillator with position-dependent effective mass.
Thus for the present case, among these four representations if the dynamic group SU(1, 1), we choose the irreducible
representation D+(j) with respect to the basis vectors |m, j〉,
M0|m, j〉 = m|m, j〉,
M−|m, j〉 =
√
(m+ j)(m− j − 1)|m− 1, j〉,
M+|m, j〉 =
√
(m+ j + 1)(m− j)|m+ 1, j〉, (28)
m = k − j, j < 0, k = 0, 1, 2, ....,
for which the energy spectrum is bounded from below. Comparison of Eq. (27) with Eq. (28), provides us with
m = n+ 12 − λ
′
n(n+ 1) and j = −12 , so that |ϕn〉 = |n+ 12 − λ
′
n(n+ 1), −12 〉.
IV. BARUT-GIRARDELLO COHERENT STATES
Since the dynamic group of the non-linear harmonic oscillator with position-dependent effective mass is the Lie
group SU(1, 1), thus, in this sense we can define the Barut-Girardello coherent state (BG CS) for the underlying
system as
K−|z〉 = z|z〉, (29)
where K− is the lowering operator defined in (25). These states can be written as a linear combination of the
eigenstates (23), of the Hamiltonian Hˆ , as
|z〉 =
∞∑
n=0
cn|ϕn〉. (30)
Using (27) and (29) along with (30), we get
z
∞∑
n=0
cn|ϕn〉 =
∞∑
n=0
cn[n− λ
′
n(n+ 1)]|ϕn−1〉, (31)
which leads to the following recursion relation
cn =
z
n[1− λ′(n+ 1)]cn−1. (32)
Using above we get
cn =
zn
n! (1 − 2λ′)(1 − 3λ′)...(1 − (n+ 1)λ′)c0, (33)
which can be rewritten in terms of gamma function as
cn = (−1)n
Γ(2− 1
λ
′ )
n! Γ(2 − 1
λ
′ + n)
(
z
λ′
)n
c0. (34)
7Using (34) in (30), we get
|z〉 = 1√
N(|z|2)
∞∑
n=0
(−1)n Γ(2−
1
λ
′ )
n! Γ(2− 1
λ
′ + n)
(
z
λ′
)n
|ϕn〉, (35)
where the normalization factor c0 =
1√
N(|z|2) can be calculated by using the normalization condition 〈z|z〉 = 1, as
N(|z|2) = 0F3
(
1, 2− 1
λ′
, 2− 1
λ′
;
|z|2
(λ′ )2
)
. (36)
Here 0F3(a, b, c; ζ) represents the hypergeometric function.
Note that the BG CS defined in Eq. (35), satisfies the Klauder’s minimal set of conditions [64], that are required
for any state to be coherent state. The overlap of two BG CS for the non-linear oscillator is given as
〈z|z′〉 = 1√
N(|z|2)N(|z′ |2) 0F3
(
1, 2− 1
λ′
, 2− 1
λ′
;
z
′
z∗
(λ′ )2
)
, (37)
from which it follows that the BG CS for the non-linear oscillator with position-dependent effective mass are not
orthogonal. The continuity in the label z follows immediately due to the fact that
lim
z
′→z
‖ |z′〉 − |z〉 ‖2= lim
z
′→z
[2(1−Re〈z′ |z〉)] = 0. (38)
We now investigate the over-completeness of the BG CS. For this we assume that there exist a positive and unique
weight function w(|z|2), such that
∫
d2zw(|z|2)|z〉〈z| = 1 =
∞∑
n=0
|ϕn〉〈ϕn|. (39)
Substituting (35) in (39) and introducing the variables z = reiθ and |z|2 = ξ, we finally arrive at
∫ ∞
0
w˜(ξ)ξndξ =
Γ(n+ 1)Γ(n+ 1)Γ(2− 1
λ
′ + n)Γ(2− 1
λ
′ + n)
Γ(2− 1
λ
′ )Γ(2− 1
λ
′ )
(λ
′
)2n, (40)
where w˜(ξ) = piw(ξ)
N(ξ) . Our aim is to obtain the weight function which can be determined by using inverse Mellin
transform. It is well known that the Mellin transform of the Meijer’s G-function [89], is given as∫ ∞
0
Gm,np,q
(
a1, ...an, an+1, ...ap
b1, ...bm, bm+1, ...bq
∣∣∣∣βξ
)
ξk−1dξ =∏m
i=1 Γ(bi + k)
∏n
i=1 Γ(1− ai − k)∏q
i=m+1 Γ(1− bi − k)
∏p
i=n+1 Γ(ai + k)
(β)−k. (41)
Comparison of (40) and (41), provides us with the required weight function w(ξ), as
w(ξ) =
0F3
(
1, 2− 1
λ
′ , 2− 1
λ
′ ;
ξ
(λ′ )2
)
pi[λ′ Γ(2− 1
λ
′ )]2
G4,00,4
(
....
0, 0, 1− 1
λ
′ , 1− 1
λ
′
∣∣∣∣ ξ(λ′)2
)
, (42)
which satisfies the integral equation (39). The radius of convergence for the non-linear harmonic oscillator with
position-dependent effective mass is given as
R = lim
n→∞
[
(−λ′)n n! Γ(2−
1
λ
′ + n)
Γ(2− 1
λ
′ )
] 1
n
=∞. (43)
This shows that the BG CS are defined on the whole complex plane.
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FIG. 2. The weighting distribution P (n) for the non-linear harmonic oscillator (solid curve) and the linear harmonic oscillator
(dashed curve) as a function of quantum number n for (a) λ
′
= 0.39, (b) λ
′
= .9, (c) λ
′
= 1.5 and (d) λ
′
= 2.6.
V. STATISTICAL PROPERTIES
The statistical features of a coherent state can be characterized by inherent probability to occupation the nth
eigenstate in the coherent superposition constituting the coherent state. For the BG CS, introduced in (35),the
probability distribution is given by
Pn = |cn|2 = 1
N(|z|2)
[
Γ(2− 1
λ
′ )
n! Γ(2− 1
λ
′ + n)
]2( |z|
λ′
)2n
, (44)
which is plotted, in Fig. (2). It is clear from the figure that the this distribution is narrower than the weighting
distribution for the harmonic oscillator. This indicates the sub-Poissonian nature of the distribution for the non-
linear oscillator with spatially varying mass.
It is a well known fact that a probability distribution is characterized by its mean and the corresponding variance,
which can be calculated by using the first and second moments of the probability. For the distribution (44), the first
moment is given as
〈n〉 =
∞∑
n=0
nPn =
1
N(|z|2)
( |z|
2λ′ − 1
)2
0F3
(
2, 3− 1
λ′
, 3− 1
λ′
;
|z|2
(λ′)2
)
, (45)
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FIG. 3. The mean 〈n〉 (dashed curve) and the variance (∆n)2 (solid curve) as a function of the coherent state parameter z for
(a) λ
′
= 0.39, (b) λ
′
= .9, (c) λ
′
= 1.5 and (d) λ
′
= 2.6.
which provides us with the mean of the distribution. The second moment is calculated as,
〈n2〉 =
∞∑
n=0
n2Pn =
1
N(|z|2)
( |z|
2λ′ − 1
)2
0F3
(
1, 3− 1
λ′
, 3− 1
λ′
;
|z|2
(λ′)2
)
. (46)
Hence, the Eqs. (45) and (46) lead us to calculate the variance of the probability distribution as
(∆n)2 = 〈n2〉 − (〈n〉)2,
=
|z|2
(2λ′ − 1)2 N(|z|2)

 0
F3
(
1, 3− 1
λ
′ , 3− 1
λ
′ ;
|z|2
(λ′ )2
)
−
|z|2
(2λ′−1)2 N(|z|2) 0F
2
3
(
2, 3− 1
λ
′ , 3− 1
λ
′ ;
|z|2
(λ′ )2
)

 . (47)
In Fig. (3), we show the graph of mean and the variance for the non-linear harmonic oscillator as a function of the
coherent state parameter “z”. This clearly indicates that the distribution is not Poissonian in the present case.
In general, the Mandel parameter is an indispensable tool to determine the nature of a weighting distribution. It
is defined [84–86] as Q = (∆n)
2−〈n〉
〈n〉 , where the weighting distribution of a coherent state is Poissonian if Q = 0,
super-Poissonian if Q > 0 and sub-Poissonian if Q < 0. Substitution of Eqs. (45) and (47), in Eq. (48), yield
Q =
0F3
(
1, 3− 1
λ
′ , 3− 1
λ
′ ;
|z|2
(λ′)2
)
0F3
(
2, 3− 1
λ
′ , 3− 1
λ
′ ;
|z|2
(λ′)2
) − |z|2/(2λ′ − 1)2
N(|z|2) 0F3
(
2, 3− 1
λ′
, 3− 1
λ′
;
|z|2
(λ′ )2
)
− 1. (48)
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Another important parameter that provides information on the bunching or the antibunching effects is the second-
order correlation function [84–86], which is defined as g2(0) = 〈n
2〉−〈n〉
(〈n〉)2 =
Q
〈n〉 + 1. If g
2(0) < 1 (g2(0) > 1), the
anti-bunching (bunching) effect appears. The case g2(0) = 1 corresponds to the coherent states of the harmonic
oscillator. Now for the system under consideration the second-order correlation function turns out to be
g2(0) =
(2λ
′ − 1)2N(|z|2)
|z|2 0F3
(
2, 3− 1
λ
′ , 3− 1
λ
′ ;
|z|2
(λ′ )2
)[ 0F3
(
1, 3− 1
λ
′ , 3− 1
λ
′ ;
|z|2
(λ′ )2
)
0F3
(
2, 3− 1
λ
′ , 3− 1
λ
′ ;
|z|2
(λ′ )2
) − 1], (49)
which indicates that BG CS of the non-linear harmonic oscillator with position-dependent effective mass, exhibit the
anti-bunching effect. Fig. 4(a) represents the plot of Mandel parameter as a function of the coherent state parameter
“z” and it clearly indicates the sub-Poissonian nature of the distribution for the BG CS of the confining system. The
graph of second-order correlation function in Fig. 4(b) clearly indicates the anti-bunching phenomenon.
VI. CONCLUSION
In the context of the generalized CS, a non-linear harmonic oscillator with PDEM has been studied. The ladder
operators along with the associated algebra have been explicitly obtained which provide a strong basis for the con-
struction of algebraic dependent CS. In order to identify the dynamic group of the system under consideration, we
introduced a set of operators which satisfies the algebraic structure of the non-compact group SU(1, 1). This enables
us to construct the generalized coherent states using Barut Girardello formalism. It has been shown that these states
satisfy the basic set of conditions required for any state to be a coherent state.
Various statistical properties of these states have also been discussed. The closed form relations for the Mandel
parameter and second order correlation function are obtained and it is shown that the BG CS possess a sub-Poissonian
statistics and exhibits anti-bunching effect. Moreover, the harmonic limit for our analysis of the non-linear oscillator
is obtained for λ = 0, such that all the results obtained for the non-linear harmonic oscillator with PDEM reduce to
the corresponding results of the harmonic oscillator with constant mass.
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